Understanding the relationship between interest rates and term to maturity of securities is a prerequisite for developing financial theory and evaluating whether it holds up in the real world; therefore, such an understanding lies at the heart of monetary and financial economics. Accurately fitting the term structure of interest rates is the backbone of a smoothly functioning financial market, which is why the testing of various models for estimating and predicting the term structure of interest rates is an important topic in finance that has received considerable attention for many decades. In this paper, we empirically contrast the performance of cubic splines and the Nelson-Siegel model by estimating the zero-coupon yields of Austrian government bonds. The main conclusion that can be drawn from the results of the calculations is that the Nelson-Siegel model outperforms cubic splines at the short end of the yield curve (up to 2 years), whereas for medium-term maturities (2 to 10 years) the fitting performance of both models is comparable.
of monetary and financial economics. Accurately fitting the term structure of interest rates is the backbone of a smoothly functioning financial market, which is why refining yield curve modeling and forecasting methods is an important topic in finance that has received considerable attention for many decades ( The yield curve is a graphical representation of the term structure of interest rates (i.e., a one-to-one relationship between yields and corresponding maturities of default-free zero-coupon securities issued by sovereign lenders). The term structure of interest rates contains information about the yields of zero-coupon bonds 1 of various maturities at a certain date. Constructing the term structure of interest rates is not a straightforward task due to the scarcity of zero-coupon bonds on the market, which represent the essential part of the term structure of interest rates. The majority of bonds traded in the market bear coupons. The yields to maturity on coupon-bearing bonds, whose maturities or coupons differ, are not immediately comparable. As a result, a uniform way of measuring the term structure of interest rates is needed: The spot interest rates 2 (i.e., the yields earned on bonds that pay no coupon) must be estimated from coupon bond prices of bonds with different maturities by using interpolation methods, such as polynomial splines (e.g., cubic splines) and parsimonious functions (e.g., Nelson-Siegel) . This is how the yield curve of zero-coupon bonds is constructed ( The remainder of the paper is organized as follows. Section 2 gives an overview of the existing literature and relevant research studies. Section 3 presents the data; Section 4 lays out the methodology and the results. Section 5 concludes the paper. 1 Another name for "zero-coupon bond" is discount bond. 2 The terms "yield to maturity on a zero-coupon bond," "zero-coupon interest rate," "spot interest rate" and "zero-coupon yield" are synonyms; they all describe the same aspect of reality. The results showed that all three models fit the data very well and that more flexible models produced superior in-sample fitting performance.
Literature Review
Gauthier and Simonato (2012) developed linearized algorithms for estimating spot interest rate term structures. These algorithms converge much faster while retaining the important characteristics of the original approaches. These algorithms are superior in that they enable the inclusion of prior information about some of the parameters, thereby enhancing the precision of the estimated spot rate curves. Using the Brazilian yield curve data, De Rezende and Ferreira (2013) 
Data
We empirically tested the fitting performance of the Nelson-Siegel model and cubic splines on the data for Austrian government bonds. The data were retrieved from Bloomberg 4 on October 8, 2013(see Table 1 ). All prices are in euros.
The raw data given in Table 1 was used to calculate the accrued interest and the dirty price (i.e., the market value, the present value). The dirty price is a sum of the clean price (i.e., the average of the "bid quote" and the "ask quote") and the accrued interest. The accrued interest is the interest that a bond holder would have obtained in theory between the last coupon date of each bond and the current date (which we assumed to be October 8, 2013-the day the data were extracted).
The Nelson-Siegel model and cubic splines were applied to the data in Table 1 to estimate the zero-coupon bond yield curve.
Methodology and Results
The two main categories of methods for estimating a yield curve are the spline methods and the parsimonious methods. outperform the other (Manousopoulos & Michalopoulos, 2009) . In this paper, we employed the most representative type of each method (cubic splines and Nelson-Siegel) with the goal of estimating the zero-coupon yield curve.
Cubic splines model
The cubic splines method, developed by McCulloch (1971) and McCulloch (1975) , divides the zero-coupon yield curve into distinct intervals. In each of these intervals, a cubic spline acts as vertebra in the vertebrate spinal column. If the yield curve is divided into k-1 knots, then we need k parameters to describe the entire zero-coupon yield curve. The optimal parameters are obtained by constructing the matrix A, defined in the continuation of the paper. The optimal parameters and the optimal zero-coupon yield curve minimize the discrepancy ( To fit the observed market data for government bond yield curve, McCulloch (1971) used the discount function presented in (1):
where a j are the parameters that need to be estimated. For j < k, f j (t) is a cubic polynomial defined as follows:
where c = d j -d j-1 and e = t -d j .
IV. When d j+1 ≤ t:
Two additional conditions have to be met:
In f j (t), t stands for time and j is a knot number (j = 1, …, k-1). Because the number of knots is equal to k-1, we need k parameters. The knots are denoted as d j . We used four parameters (k = 4) and three knots (k-1 = 3). We set the first knot equal to zero (d 1 = 0), the second knot equal to five ( The zero-coupon yields are calculated from the discount function defined by (1) as follows:
In order to calculate the parameters a j (which are needed in (1) and (8)), we first need to construct matrix A:
where X is a matrix and Y is a matrix. X T and Y T are the transposed matrices of matrices X and Y. The matrix A has j rows and one column. The element a j1 of matrix A (where j = 1, …, k) is an optimal parameter a j , needed to calculate the discount function, as defined by (1) .
The matrix X is given as follows: The matrix Y is given as follows:
where P i = the dirty price (the present value, the market value) of bond i.
The dirty price (the present value, the market value) P i of bond is defined as follows:
The accrued interest is defined as follows:
accrued interest the next cash flow (coupon amount) × = time that has passed between the last coupon payment and today time between two consecutive coupon payments (13) The estimated zero-coupon yield curve is displayed in Figure 1 .
Nelson-Siegel model
Nelson and Siegel (1987) developed a parsimonious function to model forward rates. The zero-coupon yield (the spot rate) can be derived as follows: (14) where t = time to maturity of a bond (in years), β 1 = parameter beta 1 (the level factor), β 2 = parameter beta 2 (the slope factor), β 3 = parameter beta 3 (the curvature factor), τ 1 = parameter tau 1 (the rate of exponential decay), and e = exponential function.
The parameters β 1 , β 2 , β 3 , and τ 1 can be calculated with the Excel add-in "Solver" by minimizing the sum of squared residuals between the dirty price (market value, present value) of the bonds and the model price of the bonds. (The dirty price is a sum of the clean price, retrieved from Bloomberg, and accrued interest.) The price of zero-coupon securities for time t is calculated as follows:
The market value (MV) of a bond i according to the Nelson-Siegel model is calculated as follows:
where R i = the number of future cash flows of bond i, Z i (h) = a future cash flow h of bond i, w i (h) = the time to maturity of a future cash flow h of bond i in years, and P(t) = the present value of a zero-coupon security with nominal value 1 and maturity in time t.
The error of the Nelson-Siegel model for bond i is defined as follows: The final results obtained by empirically testing the cubic splines model (equations (1) to (13)) on data given in Table 1 (Austrian government bonds) are summarized in Table 2 . Notes. *Cubic splines squared price error is equal to the squared difference between the actual bond price and the cubic splines bond price estimation. **Nelson-Siegel squared price error is equal to the squared difference between the actual bond price and the Nelson-Siegel bond price estimation. The final results obtained by empirically testing the cubic splines model (equations (14) to (17)) on data given in Table 1 (Austrian government bonds) are summarized in Table 3 .
The error of the model for bond i = = (dirty price of bond i -MV Nelson Siegel of bond i )
The estimated zero-coupon yield curve is displayed in Figure 2 .
Comparison of the two models
Our coupon bond price estimation results (Tables 4 and 5) are comparable with the in-sample coupon bond price estimation results of Jordan and Mansi (2003; see Table 2 ). The cubic splines and Nelson-Siegel estimates of zero-coupon yields are summarized and compared in Table 6 . The Nelson-Siegel model outperformed cubic splines at the short end of the yield curve (up to 2 years), whereas for medium-term maturities (2 to 10 years), the fitting performance of both models was comparable. The term structure of interest rates, as estimated by the two models, is displayed in Figure 3 .
Conclusion
In this paper, we empirically contrasted the performance of cubic splines and the Nelson-Siegel model by estimating the zero-coupon yields of Austrian government bonds. The main Sum of absolute differences in basis points: 33 conclusion drawn from the results of the calculations was that the Nelson-Siegel model outperformed cubic splines at the short end of the yield curve (up to 2 years), whereas for medium-term maturities (2 to 10 years) the fitting performance of both models was comparable. In estimating the term structure of interest rates, we employed the simplest versions of the two models without any further extensions. In reality, Nelson-Siegel is one of the most widely used models for deriving the zero-coupon yield curve; however, the central banks and more sophisticated commercial banks use its enhanced versions.
Our study is limited in that we test the fitting performance of the models on the data of government bonds from only one country (Austria). In order to further substantiate our findings, the fitting performance of the models could be tested on a wider set of data, such as government bond data from various countries.
As shown in the theoretical part of this paper, the researchers recently derived the dynamic and no-arbitrage improved versions of the Nelson-Siegel model, which are characterized by a greater estimate precision and forecast accuracy. Further research studies are warranted to evaluate and analyze the performance of the more recent versions of the model.
